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We address the power spectrum generated in the recently proposed ekpyrotic scenario by Khoury
et al. The issue has been raised recently by Lyth who used the conventional method based on a
conserved variable in the large-scale limit, and derived dierent results from Khoury et al. In this
note we point out that the method based on the matching conditions of the joining variables gives
the same answer as the one from using the conserved variables. In fact, it is known in the literature
that as long as the equations hold during the transition and the large-scale condition is met both
methods give the same results which is why the simpler conserved variable method is favored in the
recent literature. Therefore, an exponential potential leads to a power-law expansion/contraction
a / jtjp, and it is known that the power p dictates the nal power specta of both the scalar and
tensor structures. If p  1 as one realization of the ekpyrotic scenerio suggests, the results are
nS − 1 ’ 2 ’ nT and the amplitude of the scalar perturbation is supressed relative to the one of
the gravitational wave by a factor
p
p/2. Both results conrm Lyth’s. An observation is made on
the constraint on the dynamics of the seed generating stage from the requirement of scale-invariant
spectrum.
1. The ekpyrotic universe scenario based on colliding
branes imbedded in extra-dimenional bulk has been sug-
gested recently by Khoury et al. in [1]. Perhaps because
of its ambitious plan to explain the origin of the hot big
bang, and also of its plan to generate the scale-invariant
(Zel’dovich) spectrum without resorting to the inflation-
type accelerating stage, it has been under close examina-
tions [2]. In particular, a quite dierent scalar spectrum,
including both the amplitude and the slope, was derived
by Lyth in [3] which is supposed to be fatally threaten-
ing the scenario as a viable addition to the early universe
models, see also [4] for additional supporting arguments
to Lyth’s results.
If the imbedded 3 space literally passes through the
singularity during the collision phase of the branes, thus
making the 3+1 dimensional equations obsolete, proba-
bly we do not have any handle about how to calculate the
generated spectra from the scenario. In this sense, to ad-
dress the structural seed generation mechanism properly
in the ekpyrotic scenario, it is likely that we need to han-
dle the full perturbation analyses in the context of the
higher dimension which is at the moment an unsettled
issue. If we assume, however, that the 3+1 dimensional
eective eld theoretical description works, we can apply
some well known machineries of the cosmological pertur-
bations developed especially over the last two decades.
In our understanding the current controversy about the
scalar spectrum is in this narrow context [1,3,4] which
we will also accept in the following. In fact, if we agree
that we can handle the situation based on the 3+1 space-
time eective theory, as we will show below, the results
are already well known in the literature which are used
to make correct estimations [3,4]. We notice, however,
that the controversies are still maintained by the original
authors of [1], see [5]. This time it is about the match-
ing conditions used especially because the spectrum was
generated during the collapsing phase. In the following
we will point out that the relevant conventional meth-
ods developed in the literature can be applied in a quite
general situations including the present case. Therefore,
rather than reproducing the known results in the liter-
ature again we will briefly address some relevant points
to make clear the issue and will coordinate where to look
for proper handling and the results.
2. It is known that an exponential type potential leads
to a power-law expansion [6]
a / jtjp, V = −V0e−
p
16piG/pφ. (1)
With p  1 this potential is an example of the ekpy-
rotic scenario considered in [1]. Assuming (i) both the
scalar and the tensor perturbations were generated from
quantum fluctuations (of the eld and the metric) dur-
ing such a power-law era, and pushed outside horizon,
the analytic forms of the spectra based on the vacuum
expectation values are known in the literature, see eqs.





























where ϕv, the Lukash variable [9], is a gauge-invariant
combination which is proportional to the perturbed
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three-space curvature in the comoving gauge, (it is the
same asR in [7]); for our notation see [8]. Now, assuming
(ii) the scale stays outside horizon while there are tran-
sitions (like the inflation to the radiation dominated era,
and radiation to the matter dominated era if needed), due
to the conservation property of the growing solutions of
both ϕv [see eqs. (7,10)] and Cαβ we can identify the
above spectra Pϕˆv and PCˆαβ imprinted during the quan-
tum generation stage just after the horizon crossing sim-
ply remain to be valid as the classical power spectra Pϕv
and PCαβ at the second horizon crossing epoch. There-
fore spectral indices for the scalar (S) and the tensor (T )
structures are
nS − 1 = 2/(1− p) = nT . (4)
Thus, in the power-law inflation limit with large p we
have the scale-invariant spectra nS − 1 ’ 0 ’ nT .
In the ekpyrotic scenario, although there is no accel-
eration phase before the radiation dominated big bang
stage, the two assumptions (i,ii) above apply as well; the
growing solutions of ϕv and Cαβ are conserved as long as
we have kaH  1, and this condition is satised during the
transition from the collapsing to the expanding phases in
the ekpyrotic scenario. Thus, now with p  1 we have
nS − 1 ’ 2 ’ nT which diers from the result in [1] for
nS . One possible origin of the dierence was noticed in
[3], and will be explained below eq. (11). Besides the
wrong spectral slope, eq. (3) shows that the amplitude
of the scalar structure is suppressed relative to the one of
graviational wave, which probably means that the scalar
perturbation should be negligible as pointed out in [3].
Since there is no controversy over the tensor spectrum,
we will concentrate on the scalar spectrum.
In [10] we have derived eqs. (2,4) using three dierent
ways: (I) Using the large-scale conserved variable \old"
ζ [11]; eectively, it is the same as using a \new" ζ which
will be introduced shortly. (II) Using the large-scale in-
tegral form solution of H , see eq. (5). (III) Using the
gauge-invariant joining variables derived in [10], see be-
low. Yet another powerful method used in [12,13] is based
on (IV) using the large-scale conservation of ϕv; this is
the one described below eq. (3). Since the nal scalar
spectrum is directly related to the large angular scale
CMB observation the nal result should be physical, and
the methods (involving the gauges, matching conditions,
etc.) used to get the results should not aect the nal
results, and indeed we got the same results.
3. Still, we notice the controversy remains between
the authors of [1] and [3,4]. Now, although the rigorous
derivation of the result presented in [1] is still not avail-
able, the authors are claiming that the standard methods
used in inflation context are not valid due to the collaps-
ing nature of the background during the seed generating
stage. We point out that the methods used above are
valid even in such a situation. We do not expect any dis-
agreement in the quantum generation process. Perhaps
doubt about the standard methods is about the match-
ing at the transition epoch between the collapsing and
the expanding eras.
To settle this particular issue it is relevant to recall the
results based on the matching conditions studied in [10]:
(a) Two gauge-invariant joining variables were derived
which are continuous at the transition accompanying a
discontinuous change in pressure assuming perfect fluids:
these are H (or m, both in the notation of [14]) and
ψ in eq. (10) of [10] which is the \new" ζ introduced
in [15]; ζ  ϕ + δµ3(µ+p) , hereafter we use this new one.
The scalar eld case is treated separately, see below eq.
(15) of [10]. (b) In the transition between two constant
equation of states in the large scale limit, only the grow-
ing mode aects the growing mode, although the decay-
ing mode is aected by both the decaying and growing
modes. (c) The evolution of the growing mode does not
depend on the intermediate stages while the perturba-
∗Since we are considering the contracting phase as well, our
convention of the growing and decaying solution needs clari-
cation. We have a general large-scale solution for H in eq.
(4) of [10]

















We always call the term with coecent C the growing mode





The corresponding large-scale conserved quantities are indi-
cated below eq. (13) of [10] as
ζ(x, t) = (x, t) = C(x), (7)
where the decaying solution is already higher order in the
large-scale expansion; in [10] we have ψ = ζ and φ = −.
Including the decaying solutions we have [8,16]














where Q = µ+p
c2sH
2 for the fluid, and Q = _φ
2/H2 for the eld.
We emphasize the general character of these solutions which
are valid considering general K,  and especially the time
varying equation of state p(µ) or potential V (φ). We note
that  dened as




which is a generalized versions of the Lukash variable ϕv, was
introduced in the sixties [17]
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tions are outside the horizon. They only depend on the
background equation of state at the initial and the nal
stages and the initial amplitude of the growing mode;
this result was known in [18]. While in the super-horizon
scale the eect of the entropic term of the scalar eld is
negligible, thus the same conclusions apply for the eld
as well. (d) The results in (b,c) coincide with the gen-
eral large-scale conservation solutions in eq. (7) which
are valid for the time varying equation of state p(µ) or
potential V (φ). (e) Therefore, the simpler method based
on large-scale conserved quantities or the integral form
solutions with general p(µ) or V (φ) give the same result
as the one based on the sudden jump approximation and
the joining variables. These were the conclusions made
in [10], thus thereafter we preferred to use the simpler
method of using the conservation variables [8]. We note
that the equations of states used in (a-d) are not sensi-
tive to whether the background is expanding or collapsing.
We also note that the large-scale solutions of our joining
variables m and ζ in eqs. (5-9) are regular even at the
singularity transition of t! 0. We believe the perturba-
tion analysis in [1] is also conducted within the scope of
the conditions mentioned above. In such a case it looks
our above results are bound to be correct. Analyses made
in [4] conrm our general conclusions above in the specic
situation of the ekpyrotic scenario.
4. We comment on a danger of using a naive argu-
ment ignoring the simultaneously excited metric fluctu-
ations; in the context of ekpyrotic scenario conducted in
[1] this was pointed out by Lyth in [3]. The equation for


















δφ = 0, (11)
where the terms in the second line came from the met-
ric perturbations, compare eqs. (7,A9) in [13]; other
gauge conditions cause more complicated contributions
from the metric [19]. Calling the metric term a metric
back-reaction could be misleading because the perturbed
eld excites/accompanies the metric fluctuations simul-
taneously. Keeping the contribution from the metric is
necessary and makes the equation consistent and even
simpler in the sense that we have a general large-scale
solution, see eq. (12) in [13]. When the background is
supported by near exponential expansion, including the
slow-roll inflation, the whole term from the metric, and
V,φφ separately, nearly vanish; this explains why the orig-
inal derivation of the inflationary spectra in [20,11] was
successful even without fully considering the meric per-
turbations. However, situation could be dierent in other
cases like the power-law expansion (contraction as well)
where the ekpyrotic scenario based on exponential poten-
tial is one example. In the power-law expansion in eq. (1)
the metric term cancels with V,φφ exactly, see eq. (22) in
[13]. It happens that for p 1 the V,φφ term without the
metric term gives a contribution which can be translated
to the nS ’ 1 scalar power spectrum; this was pointed
out in [3]. However, this term should be cancelled ex-
actly by the metric term. With this taken into account
we end up in a massless scalar eld equation which can
be translated to nS ’ 3 spectrum. It might be appro-
priate to note that the mode function solutions and the
corresponding power spectra of the massless scalar eld
in power-law expanding medium in the context of the
quantum eld in curved space were studied in [21] with
the same results as in eqs. (2-4).
5. As in the pre-big bang scenario which also gives very
blue spectra nS − 1 ’ 3 ’ nT [22], in order to become
a viable model to explain the large-scale structures and
the cosmic microwave background radiation anisotropy
the ekpyrotic scenario should resort to the other mecha-
nism which is unknown at the moment; perhaps one can
nd suitable parameter space in the isocurvature modes
by considering multi-components as in the pre-big bang
scenario [23]. In contrast with the pre-big bang scenario
where the amplitudes of the scalar and tensor structures
are comparable, since the scalar structure in the ekpy-
rotic scenario is suppressed relative to the tensor one, the
isocurvature possibility to generate the observed struc-
tures is more plausible, except that pure isocurvature
modes are unfavored by the large-scale structure and the
cosmic microwave background anisotropy observations.
Before we have the fully considered perturbations both
in the brane and the bulk, the results based on the eec-
tive eld theory should be regarded as preliminary ones.
This is an unsettled issue at the moment and whether
the resulting spectra from full consideration could be
scale-invariant is far from clear. Similar anticipation is
made about whether more complete consideration of the
quantum corrections (which is actually required as we ap-
proach the transition epoch) can make the pre-big bang
scenario a less blue and eventually scale-invariant spec-
tra; there is a signature in the right direction, but not
enough [24].
As we summarize: (A) Using the joining variable is
known to give equivalent results as using the conserva-
tion variables; this is true for both the scalar and tensor
structures. (B) These methods are valid independently
of the whether the transions are made among expand-
ing and collapsing phases as long as the background and
the perturbed equations remain valid. (C) As long as
structures seeded from the vacuum quantum fluctuation
stay in the super-horizon scale during the following tran-
sition phases, we can rely on the conventionally known
methods and the results. (D) The 3+1 eld theoretic
approximation of suggested ekpyrotic scenario belongs
to a case already well studied in the literature: it gives
wrong spectra, both in the amplitude and the slope of
the scalar-type perturbation. (E) Whether we could rely
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on the 3+1 eld theoretic approximation is still an open
question, and we have assumed the equations are held
during the transition which needs closer examination un-
der the higher dimensional perspective if such a bounce
through sigularity is at all possible.
Based on the above results, we can make the
following observations. Assuming power-law expan-
sion/contraction a / jtjp during the seed generating stage
from quantum fluctuations, the observational require-
ment of the Zel’dovich spectrum for the scalar structure
requires p  1, thus w  p(µ)/µ  − 13 . Thus, for an
expanding phase we need accelerated expansion, whereas
for a contacting phase we need a damped collapse. Dur-
ing the damped collapse, however, we have kaH becoming
large as we approach the bouncing epoch t ! −0, thus
violating the large-scale condition we used. As we have
mentioned, in an undamped contraction with p < 1 we
have the large-scale condition well met during the tran-
sition.
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